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ON THE GEOMETRY OF FIXED POINTS FOR
SELF-MAPPINGS ON S-METRIC SPACES

Nihal TAS and Nihal OZGUR
Balikesir University, Department of Mathematics, 10145, Balikesir, TURKEY

ABSTRACT. In this paper, we focus on some geometric properties related to the
set F'iz(T'), the set of all fixed points of a mapping T : X — X, on an S-metric
space (X,S). For this purpose, we present the notions of an S-Pata type xo-
mapping and an S-Pata Zamfirescu type xzo-mapping. Using these notions, we
propose new solutions to the fixed circle (resp. fixed disc) problem. Also, we
give some illustrative examples of our main results.

1. INTRODUCTION AND PRELIMINARIES

The notion of an S-metric space was introduced as a generalization of a metric
space as follows:

Definition 1. ,@/ Let X be a nonempty set and S : X3 — [0,00) be a function
satisfying the following conditions for all x,y,z,a € X :

(1) S(z,y,2) =0 if and only if x =y = z,

(2) S(z,y,2) <S(z,z,a) + S(y,y,a) + S(z, z,a).

Then S is called an S-metric on X and the pair (X,S) is called an S-metric
space.

Many researchers have studied on S-metric spaces to obtain new fixed point re-
sults and some applications (see [7,/9L[10,[15,21] and the references therein). Also,
the relationship between a metric and an S-metric was investigated in various stud-
ies and some examples of an S-metric which is not generated by any metric were
given (see for more details).

Recently, the fixed circle problem (resp. fixed disc problem) raised by Ozgiir
and Tag (see and the references therein) has been studied as an geometric
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ON THE GEOMETRY OF FIXED POINTS 1185

approach to the fixed-point theory on metric spaces and some generalized metric
spaces (for example, S-metric spaces) (see [8,9,[13}|14},23,24]).

Now we recall the notions of a circle and a disc on an S-metric space given
in [13}20], respectively.

Let (X,8) be an S-metric space and T : X — X be a self-mapping. A circle
C? . and a disc wa. are defined as follows:

C’fmr ={zeX:S,zx0) =r}
and

DS ={zeX:S(xxmx)<r},

To,T

where r € [0, 00).

If To = z for all x € C5 , (vesp. x € D3 ), then the circle C5 . (resp. the
disc D3 ) is called as the fixed circle (resp. the fixed disc) of T'.

A recent solution to the fixed-circle problem was given using the notion of S-
Zamfirescu type xo-mapping on S-metric spaces as follows:

Definition 2. [16] Let (X,S) be an S-metric space and T : X — X be a self-
mapping. Then T is called an S-Zamfirescu type xo-mapping if there exist xg € X
and a,b € [0,1) such that

STz, Tx,z) > 0=

b
STz, Tx,xz) < max {aS(:z:,x,:co), 3 [S(Txo, Txo,z) + S(Tx,Tx,mo)]} ,
forallx € X.
Let the number ¢ be defined as
0 =inf {S(Tz,Tx,x): Tx #x, v € X}. (1)

Theorem 3. [16] Let (X,S) be an S-metric space, T : X — X be a self-mapping
and § be the real number defined in , If the following conditions hold:

(1) T is an S-Zamfirescu type xo-mapping with o € X,

(17) S(Tx,Tx,x0) < ¢ for each x € Cfo,é’

then C’JCSO,(S is a fized circle of T, that is, C5 5 C Fix(T).

Zo,

In this paper, we give new solutions to the fixed circle (resp. fixed disc) problem
on S-metric spaces. In Section [2] we prove some fixed circle and fixed disc results
using different approaches. In Section [3] we give some illustrative examples of our
obtained results and deduce some important remarks. In Section [d] we summarize
our study and recommend some future works.

2. MAIN RESULTS

In this section, we inspire the methods given in [2}/6,/19,/26] and use the number
defined in (1)) to obtain new fixed circle (resp. fixed disc) results on S-metric spaces.
In [19], Pata proved a fixed point theorem to generalize the well-known Banach’s
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contraction principle on a metric space. However, Berinde showed that the main
result in [19] does not hold at least in two extremal cases for the used parameter
€. The corrected version of this theorem was given with some necessary examples
in [2]. In our results, we will not use the Picard iteration. Hence, our main results
hold for all the parameters p € [0, 1] and this situation will be supported by some
illustrative examples given in the next section.

Let © denotes the class of all increasing functions ¢ : [0,1] — [0,00) with

»(0) = 0.

Definition 4. Let (X,S) be an S-metric space, T : X — X be a self-mapping,
a>0,8>1and~y € [0,5] be any constants. Then T is called an S-Pata type
xo-mapping if there exist xg € X and ¢ € © such that

2
for all x € X and each p € [0,1], where ||z||, = S(x, x, z0).

S(Tx, Tz, x) >0 = 8(Ta, Tx,z) < —L ||, + apb(u) (1 + |||, + | T=],]"

Notice that ||zo]|, = S(z0,z0,x0) = 0. Let us consider the inequality given in the
notion of S-Pata type xo-mapping under the cases ;. = 0 and p = 1, respectively.
For ;1 = 0, we have

1
STz, Tx,z) >0= STz, Tx,z) < B Iz, = M
and also for =1, we get
S(Tz,Tz,z) > 0= S(Tz,Tz,z) < ayp(l)[1+ |z|,+ ||Tz|,]"
L1+ |lzll, + [ T],]"
= L[1+S8(z,z,20) +S(Tx,Tx,10)]",
where L = a(1) > 0.
Theorem 5. Let (X,S) be an S-metric space, T : X — X be an S-Pata type
xo-mapping with o € X and d be the real number defined in . Then 050’5 is a

fized circle of T, that is, CSD’(; C Fiz(T).

x

Proof. At first, we show that g is a fixed point of 7. On the contrary, assume that
Txg # xg. Using the S-Pata type xg-mapping property, we obtain

o
5 lwoll, + e () L+ Jlzoll, + [ Toll )" (2)

For i = 0, by inequality , we find
S(TZ‘(), T.To, .130) S 0,

S(T:Eo, TCCQ, 1‘0) S

this is a contradiction. So, the assumption is false. This shows that Tzo = x¢ and
hence ||Tzo||, = ||zol|, = O.

Let 6 = 0. Then we have C2 5 = {zo}. Clearly, C5 ;is a fixed circle of T, that
is, C5 5 C Fix(T).

Z
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Let § >0 and z € C’fo’(; be any point such that Tx # x. Using the S-Pata type
ro-mapping hypothesis, we obtain

1—p

S(Tw, Tz,2) < —— |z, + e () [L + [l + I T]])"- 3)
For p = 0, by inequality , we get
1 S(z,x,x0)
Tx, T < = i Sk it VA
§(Te,Tz,z) < 5 llo], = S0 = 2,
a contradiction with the definition of §. Hence it should be Tx = z. Consequently,
T fixes the circle C2 5 and so CS 5 C Fix(T). O

Corollary 6. Let (X,S) be an S-metric space, T : X — X be an S-Pata type

xo-mapping with xo € X and § be the real number defined in . Then T fizes

whole of the disc D3 5, that is, D3 5 C Fix(T).

Proof. By the similar arguments used in the proof of Theorem [5] the proof follows

easily. O
We define another contractive condition to obtain a new fixed-circle result.

Definition 7. Let (X,S) be an S-metric space, T : X — X be a self-mapping,
a>0,8>1and~v €|0,8] be any constants. If there exist xo € X and ¥ € © such
that

1—
STz, Tz,z) > 0= STx,Tz,z) < T'UMS(:E,:L’O)

Fapp(p) [+ |z, + 1T, + [ Taoll,]7
for all x € X and each p € [0,1], where |||, = S(x,z,z0) and

MS(‘T’y)

= max {S(x,a:,y),

STz, Ta,x) + STy, Ty,y) STy, Ty,x) + STz, Tx,y)
2 ’ 2 ’
then T is called an S-Pata Zamfirescu type xo-mapping with respect to ¢ € ©.

In the above definition, we consider the extremal cases p = 0 and p = 1, respec-
tively. For p = 0, we have

STz, Tx,z) >0 = STz, Tx,z) < %M3($7.’L‘0)
and also for y =1, we get
STz, Tz,z) > 0= S(Tz,Tz,z) <ap(l)[1+ ||z|,+ |Tz|, + |Tzol,]”
= L+, +ITz], + I T=oll,]",

where L = a1)(1) > 0.
Now we investigate the relationship between the notions of an S-Zamfirescu type
To-mapping and an S-Pata Zamfirescu type zg-mapping.
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Let ¢ = max{a,b} in Definition 2| and let us consider Bernoulli’s inequality
1+pt<(1+t)P,p>1,te[—1,00). Then we get

STz, Tx,z) >0 =

)
S(Tz,Tz,z) < max {aS(z,z,20), 2 [S(Two, Txo, z) + S(Tx, Tz, 20)] }
( S(Txo,Txo, at)+S(T:v Tx,x0)

< Emax 4 S(x,x, ),

(Tm,Tz,z)+S(Tx0,Txo,mo) S(Txo,Tzo,x)+S(Tz,Tx,x0)
< &max{S(z,z,xp), 5 , 5

< ﬂmax S(x,z, o),
+(€+ 151 {1 +maX{||$||sv =], e 4 ol H
158 M (@,20) +€ (1+ 222 ) [L+ lall, + T2l + | Tao].]

1
S M (x,20) + s [ llelly + llwoll, + T2, + [ Toll]
S Ms(x,w0) + & € [L+ |l + ol + 1T, + (| Tol ]

S(Tw,Tw7w)+S(Two Tzo,x0) S(Tzo,Txo,x)+S(Tx,Tx,x0) }
2 ’ 2

| /\

IN I/\

Hence we get that an S-Zamfirescu type xg-mapping is a special case of an S-Pata
12e
Zamfirescu type zg-mapping with a =&, ¥(z) =2 ¢ and f=v=1.
Now we prove the following fixed circle theorem.

Theorem 8. Let (X,S) be an S-metric space, T : X — X be a self-mapping and
0 be the real number defined in . If the following conditions hold:
(1) T is an S-Pata Zamfirescu type xo-mapping with respect to 1 € © forxg € X,
(1) S(Tx,Tx,x0) <0 for each x € C’LO 5

then C% ,.6 18 a fized circle of T', that is, C’S s C Fiz(T).

Proof. Using the condition (i), we can easily obtain that Tzo = z¢ and hence
[Tzoll, = [lzoll, = 0. Let 6 = 0. Then we have C5 s = {zo}. Clearly, cs

20,0 is a
fixed circle of T', that is, C’S 5 C Fiz(T).
Let § > 0 and z € C’S s be any point such that Tx # x. Using the conditions
(1) and (i7), we obtain

1—
S(Te,Tr,a) <~ Ms(w,z0) +aplp(w) [+ ], + Tz, + Tzl ]
< 1—p max 46, STz, Tx,x)
2 2

+apl () [L+ |l + |1 T]],]” (4)

For i = 0, using the inequality 7 we get
1 Tx, T
STz, Tx,z) < 5 max {5, W} ,

a contradiction with the definition of §. Consequently, it should be Tz = x whence
T fixes the circle C2 5 and so CS 5 C Fix(T). O
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Corollary 9. Let (X,S) be an S-metric space, T : X — X be a self-mapping and
0 be the real number defined in . If the following conditions hold:
(1) T is an S-Pata Zamfirescu type xo-mapping with respect to 1 € © forxg € X,
(11) STz, Tz, x0) < 6 for each x € Dfo,é
then T fizes whole of the disc DY, that is, DY 5 C Fiz(T).

z0,67 0
Proof. By the similar arguments used in the proof of Theorem |8 the proof follows
easily. a

Remark 10. If a self-mapping T satisfies the conditions of Theorem[8, then we
have ||Txo|l, = ||lzoll, = 0. Therefore, Theorem [§ coincides with Theorem[5 in the
case where Mg (z,x0) = ||z||, for all x € X. On the other hand, if T satisfies the
conditions of Theorem[§ then clearly, T satisfies the conditions of Theorem[§ since
Mg (z,x0) = ||z

3. ILLUSTRATIVE EXAMPLES AND SOME REMARKS

In this section, we give some examples to show the validity of our results obtained
in the previous section.

Example 11. Let X =R be the S-metric space with the S-metric defined by
S(z,y,2) =z —z|+ |z + 2 -2y,
for all z,y,z € R [11]. Let us define the self-mapping T : R — R as
_ x , x €[-2,2]
Tlx{ z4+3 , x€(—00,—-2)U(2,00) ’
for all x € R. Then Ty is both an S-Pata type xo-mapping and an S-Pata Zam-
firescu type xo-mapping with o =0, a==~v=1 and
0o , z=0
xTr) =
() { % , x€(0,1]

Also we have 6 = 1. Consequently, by Theorem |5 and Theorem@ (resp. Corollary@

and Corollary@, T1 fizes the circle Cos’l = {—%, 5} (resp. the disc D&l = [—%, %] .
Example 12. Let X = R be the S-metric space with the S-metric considered in
Example [T Let us define the self-mapping Tr : R — R as

_ T , T €[]—4,00)
Tﬂ{m—i—l , x € (—o0,—4) ’
for all x € R. Then Ty is both an S-Pata type xo-mapping and an S-Pata Zam-
firescu type xo-mapping with xg =0 (orxo =3), a=F=~v=1 and
0o , z=0
w(x)_{ i, 2€(0,1]

Also we obtain § = 2. Consequently, Ty fizes the circles C&Q and C:iQ (resp. the
discs D§ 5 and D5 ,).
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Example 13. Let X = R be the S-metric space with the S-metric considered in
Example [T Let us define the self-mapping Ts : R — R as

T LT z € [-2,2]
TV 0, ze(—00,—2)U(2,00)

for allz € R. Then T3 is not an S-Pata type xg-mapping and an S-Pata Zamfirescu
type xo-mapping with o = 0. But T3 fizes the circle C’é’j4 = {-2,2} and the disc
D§ 4 =1[-2,2].
Now, we give an example of a self-mapping that satisfies the conditions of The-
orem [§ but does not satisfy the conditions of Theorem
Example 14. Let X = R be the S-metric space with the usual S-metric defined by
S(xvyﬁz) = ‘l‘i'z| + |y*Z|,
for all z,y,z € X [21]. Now, we define the self-mapping Ty : X — X by
5
_J 3z, |lz] =1
Taz { z o, |rl#1
We have
0 = inf{S(Tyx,Tyz,z): |z| =1}
inf {2|Tyz — 2| : || = 1}

:|m|:1}

4 4
= inf<-|z|:|z]=1p ==.
3 3

Then, it is easy to verify that Ty is not an S-Pata type xo-mapping for the point
xo = 0 independent from the choice of the parameters o, B, v and the function 1.
But, if we choose o« = 8 = =1 then Ty is an S-Pata Zamfirescu type xo-mapping
for the point xo = 0 with the function

5
= inf{2‘3x—x

Clearly, Ty fizes the circle

and the disc Dg’% ={z:|z| < %}
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The following remarks can be deduced from the obtained results and the given
examples.

Remark 15. (i) The point xo satisfying the conditions of an S-Pata type xq-
mapping and an S-Pata Zamfirescu type xo-mapping is always a fized point of the
self-mapping T. Moreover, the choice of x¢ is independent from the number 0 (see
Ezxample and Example . Also the number of o can be more than one (see
FExample .

(i) The converse statements of Theorem@ C’orollm’y@ Theorem@ and Corol-
lary@ are not always true (see Example. That is, a self-mapping having a fized
circle (resp. fized disc) need not to be an S-Pata type xo-mapping or an S-Pata
Zamfirescu type xo-mapping with xo where the point xy is the center of the fixed
circle (resp. fized disc).

4. CONCLUSION

In this paper, we have presented some new solutions to the fixed circle problem
on S-metric spaces. To do this, we have inspired by the Pata and Zamfirescu type
methods. We have proved two main fixed circle theorems and some related results.
Also, we have given necessary illustrative examples supporting our obtained results.
On the other hand, there are many generalized metric spaces in the literature
(for example, see [3[25] and the references therein). Hence, the fixed circle (resp.
fixed disc) problem can be studied on these generalized metric spaces using similar
approaches as a future work.

On the other hand, a related problem is the best proximity point problem since
the best proximity point theorems investigate an optimal solution of the minimiza-
tion problem {d (z,Tx) : x € A} for a mapping T : A — B where A and B are two
non-empty subsets of a metric space (see [1] and the references therein). In [6], the
existence of best proximity point was investigated using the Pata type proximal
mappings. In [17], the notion of a best proximity circle is introduced and some
proximal contractions for a non-self-mapping are determined. In this context, a re-
lated future work is the investigation of the existence of a best proximity circle via
the notions of p-proximal contraction and p-proximal contractive mapping defined
in [22].
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