43 (2023) 54-62 _—

NeW Tht]éug%gg Journal of New Theory New Thébry

https://dergipark.org.tr/en/pub/jnt
ISSN: 2149-1402

&

Open Access

‘‘‘‘‘‘‘‘‘‘‘‘‘

Construction of Analytical Solutions to the Conformable New
(34+1)-Dimensional Shallow Water Wave Equation

Mehmet Senol! | Mehmet Gengyigit?

Abstract — This study investigates the new (3+1)-dimensional shallow water wave equa-

Article Info tion. To do so, the definitions of conformable derivatives and their descriptions are given.
Received: 15 Mar 2023 Using the Riccati equation and modified Kudryashov methods, exact solutions to this prob-
Accepted: 18 Jun 2023 lem are discovered. The gathered data’s contour plot surfaces and related 3D and 2D surfaces

emphasize the result’s physical nature. To monitor the problem’s physical activity, exact

Published: 30 Jun 2023 and complete solutions are necessary. The results demonstrate the potential applicability of

doi:10.53570/jnt.1265715 additional nonlinear physical models from mathematical physics and under-investigation in
Research Article real-world settings. In order to solve fractional differential equations, it may prove helpful to
use these methods in various situations.

Keywords Riccati equation method, modified Kudryashov method, new (3 + 1)-dimensional shallow water wave (SWW)
equation, conformable derivative

Mathematics Subject Classification (2020) 35R11, 35C07

1. Introduction

Determining a created model’s analytical solution enables the physical phenomena expressed by that
model to be understood and interpreted. As a result of modeling problems encountered in applied
science fields, nonlinear fractional differential equations are usually found. The fractional differential
equation has applications in biology, chemistry, medicine, pharmacy, psychology, economics, statistics,
and natural sciences, especially engineering and physics. Examples of these application areas are
the movements of fluids, earthquake vibration movements, shallow water waves, and propagation
movements of acoustic sound vibrations. Research on this and other topics continues rapidly, and
thus new fields of applications are also used.

Hence, it is crucial to solve nonlinear fractional differential equations analytically. Thanks to the
developed analytical methods, exact solutions of fractional differential equations have been found.
Thereby, it has become easier to understand and interpret physical phenomena.

Many different types of fractional derivative operators have been described in the literature. Some
of them are Caputo derivative [1], Riemann-Liouville derivative [2], Caputo-Fabrizio derivative [3],
modified Riemann Liouville derivative [4], Atangana-Baleanu derivative [5], and conformable derivative
[6]. With the help of these derivative operators, various techniques have been developed that provide
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exact solutions of partial differential equations with nonlinear fractional derivatives. Moreover, these
equations are used with the help of fractional derivatives with various analytical methods to get better
results. Among these techniques are Generalized (G'/G)-expansion Method [7], Riccati Equation
Method [8,9], Exp-function Method [10], Generalized Riccati Equation Mapping Method [11], Jacobi
Elliptic Function Method [12], Improved F-expansion Method [13], tanh-sech Method [14], Hirota
Bilinear Method [15], Inverse Scattering Method [16], and Extended tanh Method [17], etc.

This study presents analytical solutions to the conformable form of the following new (3+1)-dimensional
shallow water wave equation (SWW) [18]

al((uxut)x + u:r:a:xt) + a2((uxuy):r; + Uxx:cy) + Q3Uyt + aqtigy + A5Ugy + oty + Q7 Uy + agu,, =0 (1)

We conducted a study by applying analytical solution methods using the conformable derivative of
this new equation.

The following is the layout of the paper. The preliminaries appear in Section 2. The Riccati Equation
and Modified Kudryashov Methods are presented in Section 3. In Section 4, the solutions to the
considered equation are provided. Finally, the paper includes a discussion in Section 5.

2. Preliminaries

This section provides a basic definition of the conformable derivative and some of its properties.

Definition 2.1. Let 7 : [0,00) — R be a function, ¢ > 0, and w € (0,1). Then, w'® order conformable
fractional derivative of the + function is defined by

1—wy _
7 (1) = limg XD =00

Lemma 2.2. [19-21] For w € (0,1) and ¢ > 0, let 7; and 72 be w' order conformable fractional
differentiable functions. Then,

i DP(tN) = v 0 eR

1. 9;’((}171 + QQ"}/Q) = 91.@5)("}/1) + Qg.@f(")/g), M, eR

9y —v1.7
i, %y(%) _ 29 (“/1)7271 2 (v2)
2

w. ¢ (172) = 11.-2¢ (72) + 72.2¢ (1)

v. If w is differentiable, then Z;(v1)(t) = %

vi. ¢ (X)) =0 such that # € R

3. The Procedures of the Analytical Methods

In this section, the procedures of the Riccati equation and modified Kudryashov methods are presented.

A general form of a partial differential equation (PDE) is as follows:
%(uvutauxauyauzxauyy?'"):O (2)

If a special wave transform is defined as, for h # 0,
tUJ

w

then a nonlinear ordinary differential equation (ODE) of the form is obtained:

F (u(€), ' (§),u"(§),-++) =0 (4)
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3.1. Riccati Equation Method
The technique is based on the following equation:
(€)= 0+ (&)’ (5)
Suppose that the following is the general form of a nonlinear conformable PDE
2,98, Duf, Dy, D2k, Dy fs-) =0

In this case, the derivative operator denoted by Z;° appears in any order. Equation 3 provides the
definition of conformable transformations. Making use of the chain rule, k, - - - ., h constants represent
arbitrary values that will be determined later. Equation 2 is transformed into a nonlinear ODE as

shown below. Thus, Equation 4 should have the following solution:

N
u(€) =) aip'(€), any #0 (6)
i=0

Then, N is calculated by using the balancing rule in Equation 4, where ¢(&) is solution to the Riccati
equation. A list of solutions satisfying Equation 5 is provided below.

—V/—otanh(v—=c¢), o <0

—+v/—ocoth(y/—c€), <0

@(§) = { Vatan(y/o€), o >0 (7)
—y/ocot(y/o&), >0

—Eﬁ, fis a constant, o =0

By inserting all of the values found in the terms in Equation 7, we can determine the exact solutions
of Equation 2. A polynomial of ¢(§) is produced by combining all of the results. A system of
nonlinear algebraic equations for a;,--- ,h, (i € {0,1,---,N}) is produced when the coefficients of
(&) disappear. These nonlinear algebraic equations solutions are calculated, and the results are used
to determine the values of a;,--- ,h, (i € {0,1,--- ,N}).

3.2. Modified Kudryashov Method

The general form of the solution to Equation 4 is as follows:

N
u(€) = Br¢"(€), By #0 (®)
r=0
©(§) meets the ODE in Equation 8.
¢'(€) = log(D)p(&)(¢(€) — 1) (9)
The solution to this equation is given by
1 .
o) = T 9 >0, 9#0, disa constant (10)

The homogeneous balancing concept is used to compute N at Equation 4. We may compute a
polynomial of ¢"(£) by putting Equation 8 into Equation 4 without ignoring Equation 9. Setting all
of the coefficients of ¢"(£) to zero results in a series of algebraic equations in k,---,h and B, [22].
Finally, the soliton-type solutions of the given model are attained.
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4. Solutions to the New (3+41)-Dimensional SWW Equation

Take into account below equation, the conformable form of Equation 1:
a1 ((Ua 2 0) a+ D Ugar ) F 02 ((Upty) o +Unaay) 03D Uy + 0uUgy + Q5 Uy + 06 D Uy +7Uyy + 05U, = 0
Having the transformation u(x,y, z,t) = u(§), for £ = kx + wy + sz + h%, and integrating yields
0 = ar1hk3uB® (&) + arhk®u/ (€)? + aghku’ (&) + azhwu/ (€) + aok3wu® (&) + ask®u/ (€)
+ask?wu/(€)* + askwu' (€) + ags™u'(€) + arw?u/(€)
Balancing u®® = N + 3, (u/)? = 2(N + 1) gives N = 1. If it is replaced in Equation 6 and Equation
8, the outcomes are as follows:
4.1. Riccati Equation-based Analytical Solutions
For N = 1, the series of sums that result from substituting Equation 6 appears,
u=ap+ayp, ay#0

In combination with Equation 5, the following algebraic system is created

0 = 2a101hk30? + a2a1hk?0? + ajaghko + ajashow + 2a1a0k30?w + ajagk?o + a2ask?o?w

+ajaskow + ajags?o + ajarow?

0 = 8ajarhk3o + 2a%a1hk2a + ajaghk + arashw + 8ajaskdow + ajaqk® + Qa%a2k2aw + a1askw

+a1a85% + ajarw?

0 = 6ajaqhk® + a%alth + 6ayakPw + a%agkzw

Here, we obtain one case and one set of solutions for ag, a1, and h.

Case 1.
—4a2k3aw + Oé4k2 + a5kw + a832 + 047?1}2
ap = —6k, and h=
4o k3o — agk — asw
Set 1.
For o < 0,

—40(21{330111 + Oé4k2 + Oé5k’w + Oé882 + 06711)2)

w (dan k30 — agk — azw)

tw
Uy Zao+6ij0tanh< —a( ( +kzx+sz+wy>>(11)

t(—4 ]{33 k2 k 2 2
ug = ag + 6kv/—ocoth | vV—0o (—dask’ow + aak” + askw + ags” + azu’) + kx + sz +wy
w (4a1k30 — agk — azw)
for o > 0,
t (—dagk3ow + ask® + askw + ags® + arw?)
ug = ag — 6k\/otan | /o + kx + sz +wy
w (4ark3o — agk — azw)

v (—4a2k3aw + ouk® + askw + ags® + a7w2)
w (4ark3o — agk — azw)

uy = ag + 6k+/o cot (ﬁ( + kx4 sz —l—wy)) (12)

and for o = 0,
6k
t@ (k2 +askw+ags?+arw?)
w(ag(—w)—agk)

Us = ag +

0+ + kx4 sz +wy
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4.2. The Modified Kudryashov Method-based Analytical Solutions
For N = 1, the series of sums that result from substituting Equation 8 appears,
u= By+ Bip(§), B1#0

The below system is attained with combining Equation 9,

o8

(13)

0 = Ta; B1hk?log?(a) + a1 Bihk?log?(a) + agBihklog(a) + azBihwlog(a) + Tas Bik*wlog®(a)

+ayB1k?log(a) + aoBYk*wlog?(a) + asBikwlog(a) + agBys? log(a) + azBiw?log(a)

0 = a1 B1(—h)k?log®(a) — agBihklog(a) — azBihwlog(a) — aaBrk3wlog®(a) — ayB1k?log(a)

—asBikwlog(a) — agBys*log(a) — arBiw? log(a)
0 = —12a; B1hk?log®(a) — 2a1 Bihk?log?(a) — 1209 B1k*wlog®(a) — 2a2 Bik*wlog?(a)
0 = 6ay B1hk®log®(a) + a1 Bihk? log?(a) + 6asB1k*wlog®(a) + az Bik*wlog?(a)
Here, we obtain one case and one set of solutions for By, Bi and h.

Case 2.
ask3wlog? (a) + ask?® + askw + ags? + arw?
a1k3log?(a) + aghk + azw

By = —6klog(a) and h=

Using Equation 10 and these values with Equation 13, the solutions are obtained as follows:

Set 2.
6k log(a)

tw (a2 k3w log2 (u)+a4k2+a5 kw+ag s2+o¢7w2)

U5=BQ—

+kx+sz+wy

da w(a1k3 log2(a)+a6k+a3w) _|_ 1
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Fig. 1. The plot of Equation 11 for (a) 3D, (b) contour, and (c) 2D plot

(14)
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Fig. 2. The plot of Equation 12 for (a) 3D, (b) contour, and (c) 2D plot
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Fig. 3. The plot of Equation 14 for (a) 3D, (b) contour, and (c) 2D plot
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For Figures 1-3, the following numerical values are employed:

i. In Figure 1, for (a) and (b), ap = 1,k = —0.6,w = 0.1,s = 0.05,y = 0.1,z = 0.5,; = 0.4, 9 =
—0.2,a3 =0.6,a4 = —0.4,a5 = 0.99, a5 = 0.1,a7 = —0.7,a8 = 0.8,0 = —0.4, and w = 0.95 and for
(c), t =0.55.

it. In Figure 2, for (a) and (b), ag = 0.1,k = 0.22,w = 0.5,s = 0.5,y = 0.1,z = 0.5, a1 = 0.95, a3 =
0.85, a3 = 0.65,c¢4 = 0.4, 05 = 0.99, 66 = 0.1,y = 0.9, = 0.8,0 = 4, and w = 0.95 and for (c),
t = 0.55.

iti. In Figure 3, for (a) and (b), By = 0.01,a = 0.625,k = 0.4,w = —0.02,s = 0.55,y = 0.5,z =
—0.09,d = 0.36,01 = 0.25, 02 = 0.55, 3 = 0.45,a4 = —0.65, a5 = 0.35, a6 = 0.75, a7 = 0.15, a5 =
—0.55, and w = 0.95 and for (c), ¢t = 0.95.

The presented methods have several novel solutions revealed by the graphical representations and may
be applied to other kinds of equations.

5. Conclusion

This work investigated the new (3 + 1)-dimensional shallow water wave equation with conformable
derivative’s soliton characteristics using the Riccati equation and modified Kudryashov methods.
Then, to visualize some of the solutions with the proper values, 3D, contour, and 2D graphics are
presented. Graphical representations and analytical solutions have been provided to show these tech-
niques’ accuracy. Furthermore, the physical characteristics of these solutions are distinctive and
significant, and they have been researched in the literature. Consequently, future studies may use the
proposed approaches to handle and solve various additional fractional differential equations.
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