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Abstract

In this study, as a new approach to the concept of asymptotical equivalence in the Wijsman
sense for double set sequences, the new concepts which are called asymptotical invariant
statistical equivalence of order § and asymptotical lacunary invariant statistical equivalence of
order B (0 < B < 1) in the Wijsman sense for double set sequences are introduced and explained
with examples. In addition, the existence of some relations between these concepts and
furthermore, the relationships between these concepts and previously studied asymptotical

equivalence concepts in the Wijsman sense for double set sequences are investigated.

Keywords: Asymptotical equivalence; Convergence in the Wijsman sense; Double

lacunary sequence; Invariant statistical convergence; Order [3; Sequences of sets.

Cift Kiime Dizileri icin f inc1 Mertebeden invaryant ve Lacunary Invaryant

istatistiksel Denklik
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Oz

Bu calismada, ¢ift kiime dizileri i¢in Wijsman anlaminda asimptotik denklik kavramina
yeni bir yaklasim olarak, ¢ift kiime dizileri icin Wijsman anlaminda f (0 < f < 1) yme1
mertebeden asimptotik invaryant istatistiksel denklik ve asimptotik lacunary invaryant
istatistiksel denklik olarak adlandirilan yeni kavramlar tanitildi ve 6reklerle agiklandi. Ayrica,
bu kavramlar arasinda bazi iliskilerin varlig1 ve dahasi bu kavramlar ve daha 6nceden ¢ift kiime
dizileri i¢in Wijsman anlaminda c¢alisilmig asimptotik denklik kavramlar1 arasindaki iligkiler

incelendi.

Anahtar Kelimeler: Asimptotik denklik; Wijsman anlaminda yakinsaklik; Cift lacunary

dizi; Invaryant istatistiksel yakinsaklik; B inc1 mertebe; Kiime dizisi.
1. Introduction

Long after the concept of convergence for double sequences was introduced by Pringsheim
[1], using the concepts of statistical convergence, double lacunary sequence and o-convergence,
this concept was extended to new convergence concepts for double sequences by some authors
[2-4]. Recently, for double sequences, on two new convergence concepts called double almost
statistical and double almost lacunary statistical convergence of order a were studied by Savas
[5, 6]. Moreover, for double sequences, the concept of asymptotical equivalence was introduced

by Patterson [7].

Over the years, on the various convergence concepts for set sequences were studied by
several authors. One of them, discussed in this study, is the concept of convergence in the
Wijsman sense [8, 9]. Using the concepts of statistical convergence, double lacunary sequence
and o-convergence, this concept was extended to new convergence concepts for double set
sequences by some authors [10-12]. In [11], Nuray and Ulusu studied on the concepts of invariant
statistical and lacunary invariant statistical convergence in the Wijsman sense for double set
sequences. Furthermore, for double set sequences, the concepts of asymptotical equivalence in
the Wijsman sense were introduced by Nuray et al. [13] and then these concepts were studied by

some authors.

In this paper, using order 8, we studied on new asymptotical equivalence concepts in the

Wijsman sense for double set sequences.

More information on the concepts of convergence or asymptotical equivalence for real or

set sequences can be found in [14-24].
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2. Preliminaries

First of all, let us recall the basic notions necessary for a better understanding of our study

(3, 10, 12, 13, 25].
For a metric space (Y, d), p(y, C) denote the distance from y to C where

P, 0):= py(€) = infd(y,c),

for any y € Y and any non empty set C S Y.

For a non empty set Y, let a function g:N — 2¥ (the power set of Y) is defined by
g(m) = C,,, € 2Y for eachm € N. Then the sequence {C,,} = {Cy, C5, ... }, which is the codomain

elements of g, is called set sequences.

Throughout this study, (Y, d) will be considered as a metric space and C, Cyp, Dy Will

be considered as any non empty closed subsets of Y.

A double set sequence {C,,,,, } is called convergent to the set C in the Wijsman sense if each

yevY,

mgn_?oopy(cmn) = py (C).
A double set sequence {C,,,,} is called statistical convergent to the set C in the Wijsman

sense ifevery £ > 0 andeachy €Y,

1
m = {Gm,m:m < pn < g, 1oy (Cun) = py (O] 2 £} = 0.

A double sequence 6, = {(js, k;)} is called a double lacunary sequence if there exist

increasing sequences (j;) and (k;) of the integers such that

jo=0, hy =js—js—q 2 and kg =0, hy =k, — ks > © as s,t — oo,

In general, the following notations is used for any double lacunary sequence:

tst = jsktr hge = hs}_ltv Iy = {(m' n):js—l <m < and k;_; <n < kt}'
kt

Js
= —- and = g
s Js-1 e ke—1

Throughout this study, 8, = {(js, k¢)} will be considered as a double lacunary sequence.

A double set sequence {Cp,,} is called lacunary statistical convergent to the set C in the

Wijsman sense if every ¢ > 0 andeachy €Y,
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1
lim _|{(m: n) € Ise: |py(Cmn) — py(O)] 2 f}' = 0.

st Ry

The term p,, (gﬂ) is defined as follows:

P, Cn)
_ zC,. UD
o (Cmn> _ ) PG, Do) Y5 Fmn 2
Dmn
A , Y€ Cun U Dy

Double set sequences {Cp,,} and {D,,,} are called asymptotically equivalent in the

Wijsman sense if eachy € Y,

mn

and denoted by C;,,, z Dy

Let o be a mapping such that o: N* — N* (the set of positive integers). A continuous linear
functional ¥ on ¢ is called an invariant mean (or a o-mean) if it satisfies the following

conditions:
1. Y(x,) = 0, when the sequence (x;,) has x,, = 0 for all u,
2. Y(e) =1, wheree = (1,1,1,...) and
3. Y(Xoy) = Y (xy) forall (x,) € o

The mappings o are assumed to be one to one and such that 6™ (u) # u for all m,u € N*,
where 0™ (u) denotes the m th iterate of the mapping o at u. Thus 1 extends the limit functional

on ¢, in the sense that ¥(x,,) = limx,, for all (x,,) € c.

Double set sequences {C,,,} and {D,,,} are called asymptotically invariant statistical

equivalent to multiple 4 in the Wijsman sense if every £ > 0 and each y €Y,

C m n
(24

Domyonw)
The set of all asymptotically invariant statistical equivalent to multiple A double set

1
lim —
p.q—o pq

{(m,n):m <pn<gq,

uniformly in u, v.
sequences in the Wijsman sense is denoted by {W4(S,)}.

Double set sequences {Cp,,} and {D,,,} are called asymptotically lacunary invariant

statistical equivalent to multiple A in the Wijsman sense if every ¢ > 0 and eachy €Y,
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>¢f =0

] 1
lim —
Stoo Ny

{(m, n) € Iy:

Comuyamw)
g )4
oM™ (u)o™(v)

uniformly in u, v.

3. Main Results

In this section, for double set sequences, the concepts of asymptotical invariant statistical
and asymptotical lacunary invariant statistical equivalence of order § (0 < f < 1) in the Wijsman

sense were introduced. Also, the inclusion relations between them were investigated.

Definition 1. Double set sequences {C,,,} and {D,,,} are asymptotically invariant

statistical equivalent to multiple A of order £ in the Wijsman sense if every ¢ > 0 and each y €

Ya
>¢f| o

wi(sh
uniformly in u, v, where 0 < 8 < 1 and we denote this in Cy,, £l Dy format, and simply

) <C¢7m(u)a”(v)> 3
Y \Dgmuyon(v)

lim ——=[{(mn):m<pn<gq,
p.a-= (pq)F |{

called asymptotically invariant statistical equivalent of order § in the Wijsman sense if 1 = 1.

Example 1. Let Y = R? and double set sequences {C,,,} and {D,,,,} be defined as

following:
1
{(a, b) e R?:a? + (b —1)? = —} ;  if m and n are square integers
Cnnt = mn
{(1,0)} ; otherwise.
and
1
{(a, b) e R?:a? + (b + 1)? = —} ;  if m and n are square integers
Dipn:= mn
{(1,0)} ; otherwise.

In this case, the double set sequences {C,,,} and {D,,,} are asymptotically invariant statistical

equivalent of order § (0 < 8 < 1) in the Wijsman sense.

Remark 1. For f = 1, the concept of asymptotical invariant statistical equivalence of order
f in the Wijsman sense coincides with the concept of asymptotical invariant statistical

equivalence in the Wijsman sense for double set sequences in [25].
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Definition 2. Double set sequences {Cy,,,, } and {D,,,, } are asymptotically lacunary invariant

statistical equivalent to multiple A of order £ in the Wijsman sense if every ¢ > 0 and each

o) -

) <C0m(u)a”(v)> 34
Y\ Domyonw)
wi(sEy)

uniformly in u, v, where 0 < f < 1 and we denote this in C,,;, ~ Dy, format, and simply

yeY,

1.

1m

S,t—>o0 ﬁ
’ hSt

{(m, n) € Igy:

called asymptotical lacunary invariant statistical equivalent of order § in the Wijsman sense if

A=1

The set of all asymptotically lacunary invariant statistically equivalent double set sequences

to multiple A of order 8 in the Wijsman sense is denoted by {W'(S fg)}.

Example 2. Let Y = R? and double set sequences {C,,,} and {D,,,} be defined as

following:
{(a,b) ER*: (a—m)>+(b+n)2 =1} ; if (m,n) € I,
Con: = m and n are square integer
{(-1,-1)} ; otherwise.
and
{(a,b) ER%: (a+m)>+(b—n)2 =1} ; if (m,n) € I,
Dy = m and n are square integer
{(-1,-1} ; otherwise.

In this case, the double set sequences {Cy,,} and {D,,,} are asymptotically lacunary invariant

statistical equivalent of order § (0 < f < 1) in the Wijsman sense.

Remark 2. For f =1, the concept of asymptotical lacunary invariant statistical
equivalence of order £ in the Wijsman sense coincide with the concept of asymptotical lacunary

invariant statistical equivalence in the Wijsman sense for double set sequences in [25].

Theorem 1. Ifliminfsqf > 1 and liminftqég > 1 where 0 < < 1, then

wi(sE w(shy)
Cmn ~ Dmn = Cmn ~ mn-

Proof. Let 0 < f <1 and suppose that liminfsqf > 1 and liminftqf > 1. Then, there

exist i, u > 0 such that qf =>1+nand qf = 1+ p for all s, t, which implies that
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B
hst > N ht > UBMB

b~ AW f S A+mPA+ P

For every ¢ > 0 and each y € Y, we have

oy <Cam(u)a”(v)> 34

{(m,n): m < jo,n <k,

4

fft Domuyon(v)
Comwyon ()
2_5 (mn) €Elg: |py|m————|— A =¢
o0 Domwyon(v)
RE 1 Compn n
s 1 {(m,n) € |, <M> s sz}|
fst hst ng(u)an(v)
nPubf 1

|{(m, n) € Ig:

Cam(u)a"(v)> }|
N 1 P peAOLAGR Y P
(A +mPL+PF pf g <Dam(u)on(v)

wi(s5)

for all u,v. If C,,;;, ~  Dpn, then for each y € Y the term on the left side of the above

inequality convergent to 0 and this implies that

1 C mion
— {(m,n) € Iy: |py (T Wy _ 31 > g}| 50
R, Domuyon)
W3 (Sqg)
uniformly in u, v. Thus, we get Cp,,y, ~ mn-

Theorem 2. If limsupsqs < oo and limsup,q; < oo, then

A
w1 (s5o) wish)
mn ~ mn = Cmn ~ mn»

where 0 < 8 < 1.
Proof. Let limsupggg < o0 and limsup,q; < oo. Then, there exist M, N > 0 such that g5 <

wi(sEg)
M and q; < N for all s,t. Also, we suppose that C,,, £l Dy (Where 0 < f < 1) and € >

Co’“(u)o“(v))
3PN Al OLECR By P31}
Y <Dam(u)an(v)

Then, there exist sg, tg € N such that for every £ > 0,eachy € Y and all s > 54,t = ¢

0, and let

for all u, v. Now, let
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yi=max{kg: 1 <s <5451t <t}

and let p and g be any integers satisfying j;_1 <p <js; and k;—; < q < k;. Then, for each

g

y € Y we have

oy <Cam(u)a”(v)> 34

|{(m,n): m<pn<gq,

()P Dgmwyon(v)
1 C m n
S5 {(m, n):m<js,n < ke, |py <—0 Wa (v)> > sr}|
{)(s—l)(t—1) Dsmuyonv)
1
= #B—{Kll + Kqo + Ky1 + Kyo + -+ Ksoto + -+ Kst}
(s—1)(t-1)
Soto 1 B Ks,(tg+1)
=P  max {kma} |+ hsotto+1) WP
(s—1)(t-1) \ 1=sn<t, (s—=1)(t-1) so(to+1)
B K(so+1)t B K(so+ 1D (to+1) B Kst
this,+1)e, hpo ° (S0+1)(to+1) hﬁo e hse—5
(So+1)t0 (So+1)(t0+1) St
s,t
SotoY 1 Kst B
=5 + B sup _/3 hmn
Usenie-1  Li-n—1) \5750 Mg ) \ st
t>t, m2so,to
s,t
SotoY 1 Kst
=75 +{) sup _/3 Z hmn
f(s—l)(t—l) (s—1)(t-1) Szig hst mnzsg,to
SotoY +e (js _jso)(kt - kto)
B 41—1)@-1) L(s-1)(t-1)
SotoY
S5 +84sq:
Cls-1(-1)
St
< ﬁ"—"y + EMN,
Cls-1(e-1)

for all u, v. Since js_4, k1 = 0 as p,q — o, it follows that foreachy € Y

Comuyon(v) )
PN QA OLAR P P BN
Y <Dam(u)a"(v)

W|{(m,n): m<pn<gq,

AccB
. . WZ (So')
uniformly in u, v. Thus, we get Cp,,y  ~ mn-

Theorem 3. If

1< liminqu < limsupgs < o and 1< lin%inqu < limsupg; < oo,
s s t
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where 0 < f < 1, then

wisky) wish)

mn mn < Cmn

~

Din.

Proof. This can be obtained from Theorem 1 and Theorem 2, immediately.

B
Theorem 4. Ifliminf>t > 0 where 0 < § < 1, then (W5 (S,)} € (W4 (S5)).

S,t—oo tgt

Proof. For every ¢ > 0 and each y € Y, it is obvious that

Cm n
py( o™ (wa (v))_/1 25}

{(m, n):m<jo,n <k
Dsmuyon(v)
) {(m, n) € Igy:

> ¢},

) <Cam(u)an(v)> 34
Y \Domyonw)

4

Thus, we have

{(m,n): m < jo,n <k,

oy <Cam(u)a”(v)> 34

Lt Domyon(v)
1 C m n
> 1 {<m,n> € |, (M)_A > §}|
Yt D gmyon )
R 1 C oy gn
a1 {(m,n) € i oy <M> _als 5}|
st hP, Domayonw)

Y
w3 (

So . . .
forall u,v. If Gy "~ . C, then for each y € Y the term on the left side of the above inequality
convergent to 0 and this implies that
Comuyamw)
P pm )4
oM™ (u)o™(v)

> E}| -0
WSl

uniformly in u, v. Thus, we get Cpy,  ~ €. Consequently, {W5(S,)} S {WZA(SfG)}.

h—B {(m, n) € Iy:

st
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